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EXAMPLES OF NON-SIMPLY CONNECTED COMPACT
CONTACT MANIFOLDS M SUCH THAT M × S1 CANNOT
ADMIT A SYMPLECTIC STRUCTURE
SERGII KUTSAK
Abstract. In this paper we construct non-simply connected contact
manifolds M of dimension ≥ 5 such that M × S1 does not admit a
symplectic structure.
1. Introduction
A symplectic structure on a smooth manifoldM is a non-degenerate skew-
symmetric closed 2-form ω ∈ Ω2(M). A symplectic manifold is a pair (M,ω)
where M is a smooth manifold and ω is a symplectic structure on M . The
non-degeneracy condition means that for all p ∈M we have the property that
if ω(v,w) = 0 for all w ∈ TpM then v = 0. The skew-symmetry condition
means that for all p ∈ M we have ω(v,w) = −ω(w, v) for all v,w ∈ TpM .
The closed condition means that the exterior derivative dω of ω is identically
zero. Since each odd-dimensional skew-symmetric matrix is singular, we
see that M has even dimension. Every symplectic 2n-dimensional manifold
(M,ω) is orientable since the n-fold wedge product ω∧ ...∧ω never vanishes.
A contact structure on a manifold M of odd dimension 2n + 1 is a com-
pletely non-integrable 2n-dimensional tangent plane distribution ξ. In the
coorientable case the distribution may be defined by a differential 1-form α
as ξ = kerα. Then the non-integrability condition can be expressed by the
inequality α ∧ (dα)n 6= 0, i.e. the form α ∧ (dα)n is nowhere zero. Such
differential form α is called a contact differential form. A contact structure
can be viewed as an equivalence class of contact differential forms, where two
forms α and α′ are equivalent if and only if α′ = fα where f is a nowhere
zero smooth function on M . A contact manifold is a pair (M2n+1, η) where
M is a smooth manifold of dimension 2n+1 and η is a contact structure on
M , [MS]. 1 2
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Every contact manifold (M,η) can be embedded as a hypersurface in an
exact symplectic manifold. Let α be a contact form onM . Then N =M×R
is a symplectic manifold with symplectic form
ω = eθ(dα− α ∧ dθ) = dλ, λ = eθα
where θ denotes the coordinate on R, [A]. The manifold (M × R, d(eθα)) is
called a symplectization of M . It is natural to ask if there exists a contact
manifold M such that M × S1 cannot admit a symplectic structure? The
answer to this question is positive.
1.1. Example. Let M = S2n+1 be a sphere of dimension 2n + 1, n > 0. It
is known that M is a contact manifold, [MS]. Clearly, M ×S1 cannot admit
a symplectic structure because H2(M × S1,R) = 0.
MAIN PROBLEM. Find a non-simply connected contact manifold M of
dimension ≥ 5 such that M × S1 does not admit a symplectic structure.
In this paper we give examples of contact manifolds M with nontrivial
first homology group H1(M) such that M × S
1 cannot admit a symplectic
structure. In particular, we describe all nilmanifolds M of dimension 5, 7
such that M × S1 does not admit a symplectic structure.
1.2. Definition. A nilmanifold M is a compact homogeneous space of the
form M = N/Γ, where N is a simply connected nilpotent Lie group and Γ
is a discrete cocompact subgroup in N , [TO].
For example, if we consider the group Un(R) of upper triangular matrices
having 1s along the diagonal then the quotient M = Un(R)/Un(Z) is a
nilmanifold, called the Heisenberg nilmanifold, where Un(Z) ⊂ Un(R) is the
set of matrices having integral entries.
Every nilmanifold is the Eilenberg-MacLane space K(Γ, 1) for some finitely
presented nilpotent torsion free group. By Malcev’s theorem a discrete group
G can be realized as the fundamental group of a nilmanifold if and only if it
is a finitely presented nilpotent torsion free group [Ma].
1.3. Theorem ([Ma]). A simply connected nilpotent Lie group N admits a
discrete cocompact subgroup Γ if and only if there exists a basis {e1, e2, . . . , en}
of the Lie algebra n of N such that the structural constants ckij arising in
brackets
[ei, ej ] =
∑
k
ckijek
are rational numbers for all i, j, k.
In order to determine if a nilmanifold N/Γ admits a symplectic structure
we shall use the fact that the Chevalley-Eilenberg complex of the Lie algebra
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n of a Lie group N is isomorphic to the minimal model of the nilmanifold
N/Γ, [N],[TO]. A nilmanifold N/Γ admits a symplectic structure if and only
if the Lie algebra n of a Lie group N is symplectic, [KGM]. A Lie algebra n
of dimension 2n is symplectic if there exists an element ω of degree 2 in the
Chevalley-Eilenberg complex (Λn∗, δ) of n such that ωn 6= 0 and δω = 0.
We give complete lists L5, L7 of all nilpotent Lie algebras g of dimensions
5, 7, respectively, such that g×a cannot admit a symplectic structure, where
a is a one-dimensional Lie algebra. In [K] the author provides a complete list
L of all 7-dimensional nilpotent Lie algebras that admit a contact structure.
Note that a nilmanifold N/Γ admits an invariant contact structure if and
only if n admits a contact structure. Let M = N/Γ be a nilmanifold of
dimension 7 and let n be the Lie algebra of the Lie group N . If n ∈ L\L7
then a nilmanifold M admits an invariant contact structure, M ×S1 cannot
admit a symplectic structure and H1(M) 6= 0. Note that there are countably
infinitely many nonisomorphic nilpotent Lie algebras which belong to L\L7.
2. Acknowledgements
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3. Preliminaries
3.1. Definition. For a Lie algebra g the upper central series is the increasing
sequence of ideals defined as follows:
C0(g) = 0, Ci+1(g) = {x ∈ g|[x, g] ⊂ Ci(g)}.
In other words Ci+1(g) is the inverse image under the canonical mapping of
g onto g/Ci(g) of the center of g/Ci(g). The Lie algebra g is called nilpotent
if there is an integer k such that Ck(g) = g. The minimal such k is called
the index of nilpotency, [B].
Let g be a Lie algebra with a basis {X1, . . . ,Xn}. Denote by {x1, . . . , xn}
the basis for g∗ dual to {X1, · · · ,Xn}. We obtain a differential d on the
exterior algebra Λg∗ by defining it on degree 1 elements as
dxk(Xi,Xj) = −xk([Xi,Xj ])
and extending to Λg∗ as a graded bilinear derivation. Then
[Xi,Xj ] =
∑
l
clijXl
where clij are the structure constants of g, and it follows from duality that
dxk(Xi,Xj) = −c
k
ij .
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Hence on generators the differential is expressed as
dxk = −
∑
i<j
ckijxixj .
Note that the condition d2 = 0 is equivalent to the Jacobi identity in the Lie
algebra. We call the differential graded algebra
(Λg∗, d)
the Chevalley-Eilenberg complex of the Lie algebra g.
3.2. Definition. A differential graded algebra (DGA) (M, d) is called a
minimal model of a DGA(A, dA) if the following conditions are satisfied:
(i) (M, d) = (ΛV, d) is a free model for (A, dA);
(ii) d is indecomposable in the following sense: there exists a basis {xµ : µ ∈
I} for some well-ordered index set I such that deg(xλ) ≤ deg(xµ) if λ < µ,
and each d(xλ) is expressed in terms of xµ, µ < λ. It follows that dxµ does
not have a linear part.
3.3. Definition. A minimal model of a smooth manifold M is a minimal
model of its de Rham DGA.
We need the following fact, [CE]. Let M = N/Γ be a nilmanifold. Then
the complex of differential forms onM can be identified with the the complex
of differential forms on N which are right invariant by the elements of Γ.
3.4. Theorem ([N]). Let M = N/Γ be a nilmanifold. The natural inclusion
of the complex of right invariant differential forms on N into the complex of
the differential forms on N/Γ
ΩinvDR(N)→ ΩDR(N/Γ)
induces an isomorphism on the cohomology level.
3.5. Corollary ([TO]). The minimal model of a compact nilmanifold N/Γ
is isomorphic to the Chevalley-Eilenberg complex of the Lie algebra n of N .
To find all nilpotent Lie algebras g of dimension 5,7 such that g × a
cannot admit a symplectic structure we used classification of indecomposable
nilpotent Lie algebras over R up to dimension 7. Note that all nilpotent Lie
algebras of dimension up to 6 have been classified, [Gr], [BM]. In dimension
5 there are 9 nonisomorphic nilpotent Lie algebras and there are 3 of them
that admit a contact structure, [K].
Many attempts have been done on classification of indecomposable nilpo-
tent Lie algebras of dimension 7. There are a few lists available: Safiullina
(1964, over C) [S], Romdhani (1985, over R and C) [R], Seeley (1988, over
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C) [Se1], Ancochea and Goze (1989, over C) [AG]. The lists above are ob-
tained by using different invariants. Carles [C] introduced a new invariant
- the weight system, compared the lists of Safiullina, Romdhani and Seeley,
and found mistakes and omissions in all of them. Later in 1993 Seeley incor-
porated all the previous results and published his list over C, [Se2]. In 1998
Gong used the Skjelbred-Sund method to classify all 7-dimensional nilpotent
Lie algebras over R, [G]. We will use Gong’s classification with some correc-
tions from the list of Magnin, [M]. Over reals there are 138 non-isomorphic
7-dimensiomal indecomposable nilpotent Lie algebras and, in addition, 9
one-parameter families. For the one-parameter families, a parameter λ is
used to denote a structure constant that may take on arbitrary values (with
some exceptions) in R. An invariant I(λ) is given for each family in which
multiple values of λ yield isomorphic Lie algebras, i.e., if I(λ1) = I(λ2), then
the two corresponding Lie algebras are isomorphic, and conversely.
4. Symplectic structures on the product of 5-dimensional
nilpotent Lie algebras with one-dimensional Lie algebra
Note that there are only finitely many isomorphism classes of nilpotent Lie
algebras of dimension less than or equal to 6. But in higher dimensions there
are infinite families of pairwise nonisomorphic nilpotent Lie algebras. In di-
mension 7 there are 9 infinite families which can be parametrized by a single
parameter. For a Lie algebra g of dimension n we denote by {x1, . . . , xn} a
basis of the dual space g∗ and by {y} we denote a basis of a∗ where a is a
one-dimensional Lie algebra.
There are 7 non-isomorphic 5-dimensiomal indecomposable nilpotent real
Lie algebras g such that g× a admits a symplectic structure.
4.1. Theorem. The following is a complete and non-redundant list L5 of all
5-dimensional nilpotent Lie algebras g such that g × a admits a symplectic
structure:
A5 x1x2 + x3x4 + x5y L3⊕ L2 x2x5 + x3x4 + x1y
L5,2 x2x4 + x3x5 + x1y L4 ⊕ L1 x1x5 + x2x4 + x3y
L5,3 x1x5 + x3x4 + x2y L5,4 x2x5 − x3x4 + x1y
L5,6 x2x5 − x3x4 + x1y
Hence the only 5-dimensional nilpotent Lie algebras g such that g × a
cannot admit a symplectic structure are L5,1 and L5,5. Note that L5,1 is
the Heisenberg algebra. The nontrivial Lie brackets of the 5-dimensional
Heisenberg algebra h are defined as follows:
[X2,X3] = X1, [X4,X5] = X1.
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Then we can find the differential of the Chevalley-Eilenberg complex of the
Heisenberg algebra:
dx1 = x2x3 + x4x5, dxi = 0, i = 2, 3, 4, 5.
We want to show that h × a cannot admit a symplectic structure. If ω
is a symplectic form on h × a then it must contain a term x1xj for some
i ∈ {2, 3, 4, 5}. Assume that ω contains x1x2. Note thatd(x1x2) = x2x4x5.
Since dω = 0 then ω must contain a term xixj such that d(xixj) contains
x2x4x5. There are no terms xixj such that d(xixj) contains x2x4x5 except
for x1x2. Hence ω cannot contain a term x1x2. Similarly one can show
that ω cannot contain x1x3, x1x4, x1x5. This is a contradiction. Thus h× a
cannot admit a symplectic structure. It follows that the product of the
5-dimensional Heisenberg manifold H5 with a circle S
1 does not admit a
symplectic structure.
Note that the product of the 3-dimensional Heisenberg manifold H3 with
a circle S1 is the Kodaira-Thurston manifold KT and it is known that KT
is a symplectic manifold, [TO].
5. Symplectic structures on the product of 7-dimensional
nilpotent Lie algebras with one-dimensional Lie algebra
Here we use the same notation for the Lie algebras as in [G], where the Lie
algebras are listed in accordance with their upper central series dimensions.
For instance, the Lie algebras that have the upper central series dimensions
1,4,7 are listed as follows: (147A), (147B), (147C), etc. For the sake of
brevity we will drop the sign of the wedge product (for instance, xixj means
xi ∧ xj).
There are 63 non-isomorphic 7-dimensiomal indecomposable nilpotent real
Lie algebras g and, in addition, 2 one-parameter families such that g × a
admits a symplectic structure.
5.1. Theorem. The following is a complete and non-redundant list L7 of all
indecomposable 7-dimensional nilpotent Lie algebras g such that g×a admits
a symplectic structure:
(37A) x1x7 − x4x5 + x3x6 + x2y (37B) x2x7 − x4x6 + x1x5 + x3y
(37C) x1x7 − x4x5 + x3x6 + x2y (37D) x1x7 − x4x5 + x3x6 + x2y
(27B) x1x7 + x2x4 − x3x6 + x5y (257A) x1x6 + x3x4 − x5x7 + x2y
(257B) x1x6 + x2x7 − x3x4 + x5y (257C) x1x6 + x2x7 + x3x4 + x5y
(257D) x2x7 + x3x4 + 2x1x6 + x5y (257F) x1x3 + x2x6 − x5x7 + x4y
(257G) x1x6 + x4x7 + x2x3 + x5y (257H) x1x6 + x3x4 + x5x7 + x2y
(257I) x1x6 + x2x7 − x3x5 + x4y (257J) x1x6 + x2x7 + x3x4 − x3x5
+x4y
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(257L) x1x2 + x3x6 + x4x7 + x5y (247A) x1x7 + x3x6 + x4x5 − x2x7
+x5y
(247C) −x2x7 + x4x5 + x3x6 + x1y (247D) x1x7 + x4x5 + 2x3x6 + x2y
(247H) x1x7 + x4x5 + 2x3x6 + 2x2x7 (247J) x1x7 + 2x2x6 + 2x3x7 − x4x5
+x2y +x3y
(247K) x1x7 + 2x3x6 + x4x5 + x2y (247L) −x2x7 + x3x6 + x4x5 + x1y
(247O) −x2x7 + x3x6 + x4x5 + x1y (247Q) x1x7 + 2x3x6 + x4x5 + x2y
(2457A) x1x7 + x2x6 − x3x4 + x5y (2457B) x2x7 − x3x4 + x5x6 + x1y
(2457C) x1x6 + x2x7 + x3x4 − x2x6 (2457D) x1x6 + x2x7 + x3x4 − x2x6
+x5y +x2x4 + x5y
(2457E) x1x7 + x2x6 + x3x4 − x2x7 (2457F) x1x7 + x2x6 − x3x4 + x5y
+x5y
(2457G) x1x7 + x2x6 + x3x4 − x3x5 (2457H) x1x6 + x2x7 − x3x4 + x2x4
−x2x7 + x5y +x5y
(2457I ) x1x6 + x2x7 + x3x4 + x2x4 (2457J)x1x6 + x2x7 + x3x4 + x2x4
−x2x6 + x5y −x2x6 + x5y
(2457K) x1x6 + x2x7 − x3x4 + x2x4 (2357C) −x2x7 + 2x3x6 + x4x5 + x1y
+x5y
(2357D) −x2x7 + 2x3x6 + x4x5 + x1y (147E) x1x7 +
1
2
x4x6 − x2x5 + x3y,
when λ = 1
2
x1x4 + x3x7 + x5x6 + x3y,
when λ = −1
(1357G) x1x7 + x3x5 + x4x6 + x2y (1357H) x1x7 + x3x5 − x3x6 + 2x2x7
+2x4x5 + x4x6 + x2y
(1357L) x1x7 + x2x5 +
1
2
x3x6 + x4y (1357M) x1x6 + x2x7 − x3x5 + x4y,
when λ = 2
(1357O) x1x7 + x3x5 + x4x6 + x2y (1357S) x1x7 + x4x6 + (2− λ)x3x5
+x2y, λ 6= −1, 2
(1357S1) x1x7 + x2x6 + x4x5 − x3x5 (13457D) x1x7 − x2x5 + 2x3x4
+x3y +x3x6 + x6y
(12457A) x1x7 + x2x6 − x3x4 + x4x5 (12457B) x1x7 + x2x6 − x3x4
+x3x5 + x5y +x4x5 + x3x5 + x5y
(12457E) x1x7 + 2x3x4 + x4x5 (123457A) x1x7 − x3x6 + x4x5
−x2x6 + x5y +x2x7 + x2y
(123457B) x1x7 − x3x6 + x4x5 (123457D) x2x7 − x3x6 + x4x5 + x1y
+x2x7 + x2x4 + x2y
(123457E) x2x7 − x3x6 + x4x5 + x1y (123457I) x2x7 + x3x6 − x4x5 + x1y
when λ = −1
(1357A) x1x7 − x3x5 + x4x6 + x2y (1357D) x2x7 − x3x6 − 2x4x5 + x1y
(37B1) x1x7 + x2x6 + x3x5 + x4y (37D1) x1x7 + x2x6 + 2x3x5 + x4y
(257J1) x1x7 + x2x6 − x3x4 + x5y (247H1) x1x7 − 2x2x7 − 2x3x6
−x4x5 + x2y
(2357D1) x2x7 + 2x3x6 − x4x5 + x1y (1357P1) x1x7 − x3x6 − x4x5 + x2y
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(1357Q1) −x1x7 + x2x7 + x3x6 (1357QRS1) x1x7 + λ+ x3x6
−x3x5 + x4x6 + x4y +(2λ− 1)x4x5 + x2y
λ 6= 0, 1, 1
2
It is straightforward to verify that all 2-forms listed in Theorem 5.1 are
symplectic. We want to show that the Lie algebra (13457C) cannot admit a
symplectic structure. We can find the differential of the Chevalley-Eilenberg
complex of the Lie algebra (13457C):
dx7 = x1x6 + x2x5 − x3x4 dx5 = x1x4, dx4 = x1x3
dx3 = x1x2, dxi = 0, i = 1, 2.
Assume that the Lie algebra (13457C) admits a symplectic form ω. Then ω
must contain xi1xi2+xi3xi4+xi5xi6+xi7y, where {xi1 , . . . , xi7} = {x1, . . . x7}.
In particular, ω must contain a term of the form xjx7 for some j ∈ {1, . . . , 7}.
Suppose that ω contains a term x1x7. Note that d(x1x7) = −x1x2x5 +
x1x3x4. Since dω = 0 then it must contain terms xixj such that d(xixj)
contains x1x2x5, x1x3x4. The only such term is x3x5 and we compute
d(x3x5) = x1x2x5 + x1x3x4. Note that d(x1x7 + x3x5) = 2x1x3x4 and
d(x3x5 − x1x7) = 2x1x2x5. There are no terms xixj such that d(xixj)
contains x1x3x4 or x1x2x5 except for x3x5, x1x7. Hence a 2-form ω can-
not contain a term x1x7. Suppose that ω contains a term x2x7. Then
d(x2x7) = x1x2x6 + x2x3x4 and d(xixj) does not contain x2x3x4 for all i, j
except for x2x7. Hence if ω contains x2x7 then dω 6= 0. Similarly it can be
shown that ω cannot contain x3x7, x4x7, x5x7, x6x7. This is a contradiction.
Thus the Lie algebra (13457C) cannot admit a symplectic structure. Simi-
larly one can show that all 7-dimensional nilpotent Lie algebras which are
not listed in Theorem 5.1 cannot admit a symplectic structure.
5.2. Remark. In [K] the author gives a complete and non-redundant list L
of all indecomposable 7-dimensional nilpotent real Lie algebras that admit
a contact structure. In particular, it was proved that all 9 one-parameter
families admit a contact structure. Hence there are 7 one-parameter families
of indecomposable 7-dimensional nilpotent real Lie algebras g such that g×a
does not admit a symplectic structure. Thus we can produce infinitely many
nondiffeomorphic nilmanifoldsM = N/Γ of dimension 7 such thatM admits
an invariant contact structure and M × S1 does not admit a symplectic
structure.
5.3. Remark. In 1992 Seeley has solved the problem of estimating the num-
ber of parameters Fn needed to classify the laws of n-dimensional complex
nilpotent Lie algebras, and came up with the estimation Fn+2 ≥ n(n−1)(n+
4)\6 − 3, [Se3]. Hence it is very difficult to write a complete list for dimen-
sions greater than 7. For example, for dimensions 8 and 10 the number of
parameters involved will be respectively ≥ 4 and ≥ 13.
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5.4. Remark. Note that all symplectic structures listed above are of the
form ∑
k
xikxjk + xly, where dxl = dy = 0.
Hence we can construct a symplectic structure on g × h for all Lie algebras
g, h in L5∪L7. Because if
∑
k
xikxjk + xly is a symplectic structure on g×a
and
∑
n
ysnytn + yry is a symplectic structure on h× a then
∑
k
xikxjk + xlyr +
∑
n
ysnytn
is a symplectic form on g× h.
For example, let g be the Lie algebra (2457G) with basis {x1, . . . x7} and
let h be the Lie algebra (1357Q1) with the basis {y1, . . . y7}. Then a sym-
plectic structure on g× h is given by a form:
ω = x1x7+x2x6+x3x4−x3x5−x2x7+x5y4−y1y7+y2y7+y3y6−y3y5+y4y6.
Moreover, in a similar fashion we can construct a symplectic structure on
g1 × . . . × g2n, for all {g1, . . . , g2n} ⊂ L5 ∪ L7. One can see that if g × h
admits a symplectic structure ω then ω does not contain a term xiyj unless
dxi = dyj = 0.
5.5. Proposition. For all nilpotent Lie algebras g, h of dimension 5,7 the
following holds true:
(i) g× a admits a symplectic structure if and only if g× g does so.
(ii) g × h admits a symplectic structure if and only if both g × g and h × h
admit a symplectic structure.
5.6. Proposition. Let X be a nilmanifold of dimension 5,7. Then the fol-
lowing holds true:
(i) X × S1 admits a symplectic structure if and only if X ×X does so.
(ii) X × Y admits a symplectic structure if and only if X ×X and Y × Y
admit a symplectic structure.
Note that Proposition 5.5 follows from Remark 5.4. Proposition 5.6 fol-
lows from Proposition 5.5.
CONJECTURE. For all odd-dimensional nilpotent real Lie algebras g, h
the following holds true:
(i) g× a admits a symplectic structure if and only if g× g does so.
(ii) g × h admits a symplectic structure if and only if both g × g and h × h
admit a symplectic structure.
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5.7. Example. Recall that Heisenberg algebra of dimension 2n+ 1 is a Lie
algebra g with Lie brackets [X2i,X2i+1] = X1, where {X1, . . . ,X2n+1} is a
basis of g and n ≥ 2. We consider Chevalley-Eilenberg complex of g and
it is not difficult to see that η = x1 is a contact form on g and that g × a
cannot admit a symplectic structure. Hence the Heisenberg manifold H2n+1
of dimension 2n + 1 ≥ 5 is a nilmanifold with nontrivial first homology
group H1(H2n+1) which admits an invariant contact structure and such that
H2n+1 × S
1 cannot admit a symplectic structure.
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